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We show that, under some assumptions, the linear recurrence (or difference equation) of
order one in a Banach space is nonstable in the Hyers–Ulam sense. Our results are also
connected with the notion of shadowing in dynamical systems and computer sciences.
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In what follows N stands for the set of positive integers, K denotes either the ﬁeld of reals R or the ﬁeld of complex
numbers C and X is a Banach space over K. Let (εn)n0 be a sequence of positive real numbers, (an)n0 a sequence in
K \ {0} and (bn)n0 a sequence in X .
It is already known (see [14]; cf. also [3,4]) that, in the case where
limsup
n→∞
εn|an+1|
εn+1
< 1 or lim inf
n→∞
εn|an+1|
εn+1
> 1, (1)
for every sequence (xn)n0 in X satisfying the relation
‖xn+1 − anxn − bn‖ εn, n 0, (2)
there exists a sequence (yn)n0 in X such that
yn+1 = an yn + bn, n 0, (3)
and
L := sup
n∈N
‖xn − yn‖
εn−1
< ∞, (4)
which means that ‖xn − yn‖  Lεn−1 for n ∈ N. In connection with this property there arises a natural question whether
condition (1) can be weakened. Simple examples given in [14] show that if (1) does not hold, then analogous result is not
generally true. A more precise and general statement concerning such a situation for the linear recurrence (of higher order
and with constant coeﬃcients) is obtained in [2].
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information on this subject and some recent results we refer, e.g., to [1,5–11]. It also corresponds to the notion of shadowing
in dynamical systems and computer sciences (see, e.g., [12,13]).
Following the terminology in [2,5,6,8–11] we say that recurrence (3) is (εn)n0-stable provided, for every sequence
(xn)n0 in X satisfying (2), there exists a sequence (yn)n0 in X such that (3) and (4) hold; otherwise, we say that the
recurrence is (εn)n0-nonstable.
In this paper we investigate stability of (3) in the case where condition (1) can be possibly not valid. First we show that
in the situation
lim
n→∞
εn|an+1|
εn+1
= 1 (5)
recurrence (3) is (εn)n0-nonstable.
Let us start with the following simple observation.
Lemma 1. If (zn)n0 and (dn)n0 are sequences in X and zn+1 = anzn + dn for n 0, then
zn = a0 · · ·an−1z0 +
n−1∑
k=1
ak · · ·an−1dk−1 + dn−1, n 2. (6)
Moreover, for each sequence (xn)n0 in X with ‖xn+1 − anxn − dn‖ εn for n 0,
‖xn − zn‖ |a0 · · ·an−1|‖x0 − z0‖ +
n−1∑
i=1
|ai · · ·an−1|εi−1 + εn−1, n 2. (7)
Proof. By induction on n it is easy to show that (6) holds. Next, let (xn)n0 be a sequence in X such that ‖xn+1 − anxn −
dn‖ εn for n 0. Write cn := xn+1−anxn−dn for n 0. Then, by (6) with zn and dn replaced by xn and dn+cn , respectively,
we obtain
xn = a0 · · ·an−1x0 +
n−1∑
k=1
ak · · ·an−1(dk−1 + ck−1) + dn−1 + cn−1
for n 2, which implies (7). 
Theorem 1. Assume that condition (5) holds. Then there exists a sequence (xn)n0 in X satisfying (2) and such that, for every sequence
(yn)n0 in X, given by (3), we have
sup
n∈N
‖xn − yn‖
εn−1
= ∞. (8)
Proof. Let x ∈ X , 0< ‖x‖ 1, and
cn := εn a0 · · ·an|a0 · · ·an| x, n 0. (9)
Take x0 ∈ X and deﬁne (xn)n0 by the recurrence
xn+1 = anxn + bn + cn, n 0. (10)
Then
‖xn+1 − anxn − bn‖ εn, n 0,
whence relation (2) is satisﬁed.
Now let (yn)n0 be an arbitrary sequence satisfying recurrence (3). On account of Lemma 1 with zn := xn − yn and
dn := cn , for each n ∈ N we get
xn − yn = a0 · · ·an−1
(
x0 − y0 +
n∑
k=1
ck−1
a0 · · ·ak−1
)
= a0 · · ·an−1(x0 − y0 + snx), (11)
where
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n∑
k=1
εk−1
|a0 · · ·ak−1| , n 1. (12)
First consider the case where there is ﬁnite s := limn→∞ sn .
If y0 = x0 + sx, then
lim
n→∞
‖xn − yn‖
εn−1
= lim
n→∞
|a0 · · ·an−1|
εn−1
‖x0 − y0 + sx‖ = ∞,
because limn→∞ 1εn−1 |a0 · · ·an−1| = ∞.
If y0 = x0 + xs, then, for each n ∈ N,
‖xn − yn‖
εn−1
= |a0 · · ·an−1|
εn−1
∥∥(s − sn)x∥∥
= |a0 · · ·an−1|
εn−1
(s − sn)‖x‖ = s − sn
sn − sn−1 ‖x‖
= ‖x‖s−sn−1
s−sn − 1
and next, according to the well-known Stolz–Cesaro lemma (case 00 ),
lim
n→∞
s − sn−1
s − sn = limn→∞
(s − sn) − (s − sn−1)
(s − sn+1) − (s − sn) = limn→∞
sn−1 − sn
sn − sn+1
= lim
n→∞
sn − sn−1
sn+1 − sn = limn→∞
εn−1|an|
εn
= 1,
whence we have (8).
Now, suppose that limn→∞ sn = ∞. If
limsup
n→∞
|a0 · · ·an−1|
εn−1
= 0,
then (8) holds (in view of (11)), because limn→∞ ‖x0 − y0 + snx‖ = ∞.
So, it remains to consider the case
lim
n→∞
|a0 · · ·an−1|
εn−1
= 0.
Clearly, from (11) it follows that, for every n ∈ N,
xn − yn
εn−1
= a0 · · ·an−1
εn−1
(x0 − y0) + a0 · · ·an−1
εn−1
snx. (13)
Write
zn := a0 · · ·an−1
εn−1
snx, n ∈ N.
Then, in view of the monotonicity and unboundedness of (sn)n0, by the Stolz–Cesaro lemma we get
lim
n→∞
‖x‖
‖zn‖ = limn→∞
εn|a0···an| −
εn−1
|a0···an−1|
sn+1 − sn
= lim
n→∞
(
1− |an|εn−1
εn
)
= 0, n ∈ N,
and therefore limn→∞ ‖zn‖ = ∞. Since limn→∞ a0···an−1εn−1 (x0 − y0) = 0, in view of (13) this yields
lim
n→∞
‖xn − yn‖
εn−1
= ∞. 
Remark 1. It is easily seen in the proof of Theorem 1 that changing the vector x we obtain a large class of examples of
sequences (xn)n0 in X satisfying (2) and (8) with every sequence (yn)n0 in X , given by (3). Clearly, the cardinality of that
class is not less than the cardinality of the space X .
In connection with Theorem 1 the following question seems to be very natural.
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|an+1|εn
εn+1 = 1?
The next four examples show that probably there is no simple answer to that question.
Example 1. Let ε be a positive real number, εn = ε, a2n = 1, and a2n+1 = 2 for n  0. Then lim infn→∞ |an+1|εnεn+1 = 1 and
recurrence (3) is (εn)n0-stable.
Proof. The (εn)n0-stability of (3) can be easily derived from [15, Theorem 2.1]. However, for the convenience of the reader
we present a short direct proof of it.
Let (xn)n0 a sequence in X such that (2) holds. Write cn := xn+1 − anxn − bn , n 0. It is easily seen that there exists
s :=
∞∑
n=1
cn−1
a0 · · ·an−1 .
Let yn+1 = an yn + bn for n 0 and y0 := x0 + s. Then (cf. (11))
‖xn − yn‖ = |a0 · · ·an−1| ·
∥∥∥∥∥−s +
n∑
k=1
ck−1
a0 · · ·ak−1
∥∥∥∥∥
= |a0 · · ·an−1| ·
∥∥∥∥∥
∞∑
k=n
ck
a0 · · ·ak
∥∥∥∥∥ Mε,
where
M =
∞∑
k=0
1
|an · · ·an+k| =
{
3, if n is even;
2, if n is odd.

Example 2. Let ε be a positive real number, εn = ε, r ∈ N, r > 1, arn = 2 for n  0, and ak = 1 for k /∈ {rn: n  0}. Then
lim infn→∞ |an+1|εnεn+1 = 1 and recurrence (3) is (εn)n0-nonstable.
Proof. Let (xn)n0 be deﬁned by (10), with (cn)n0 given by (9), and (yn)n0 be an arbitrary sequence satisfying recur-
rence (3). Then, analogously as in the proof of Theorem 1, we get (11). Since
∞∑
n=0
1
|a0 · · ·an| = ∞, limn→∞|a0 · · ·an−1| = ∞,
this yields
lim
n→∞‖xn − yn‖ = ∞. 
Example 3. Let ε be a positive real number, εn = ε, a2n = 12 and a2n+1 = 1 for n  0. Then limsupn→∞ |an+1|εnεn+1 = 1 and
recurrence (3) is (εn)n0-stable.
Proof. Let (xn)n0 be an arbitrary sequence satisfying (2), (yn)n0 be a sequence satisfying (3) with y0 := x0, and cn :=
xn+1 − anxn − bn for n 0. Then ‖cn‖ ε and, by Lemma 1, (6) holds with zn := xn − yn and dn := cn for n 0, whence
‖xn − yn‖ |a0 · · ·an−1| ·
∥∥∥∥∥
n∑
k=1
ck−1
a0 · · ·ak−1
∥∥∥∥∥
 ε|a0 · · ·an−1|
n∑
k=1
1
|a0 · · ·ak−1| , n 1.
Hence, for each n 1,
‖x2n − y2n‖ ε · 1
2n
(
2+ 2+ 22 + 22 + · · · + 2n + 2n)
= 4ε · 2
n − 1
n
< 4ε,2
150 J. Brzde¸k et al. / J. Math. Anal. Appl. 367 (2010) 146–153‖x2n+1 − y2n+1‖ ε · 1
2n+1
(
2+ 2+ 22 + 22 + · · · + 2n + 2n + 2n+1)
= 4ε · 2
n − 1
2n+1
+ ε < 3ε. 
Example 4. Let ε be a positive real number, εn = ε for n  0, I := {2k − 2: k ∈ N}, an = 12 for n ∈ I , and an = 1 for n /∈ I .
Then limsupn→∞
|an+1|εn
εn+1 = 1 and recurrence (3) is (εn)n0-nonstable.
Proof. Let (xn)n0 be deﬁned by (10) with (cn)n0 given by (9) and (yn)n0 be an arbitrary sequence satisfying recur-
rence (3). Then, by Lemma 1 (with zn := xn − yn and dn := cn for n 0), for every n > 1,
x2n−2 − y2n−2 = a0 · · ·a2n−3
(
x0 − y0 + εx
2n−2∑
k=1
1
|a0 · · ·ak−1|
)
= 1
2n−1
(
x0 − y0 + εx
(
2+ 2+ (22 + 22 + 22 + 22)+ · · · + (2n−1 + · · · + 2n−1︸ ︷︷ ︸
2n−1 terms
)))
= 1
2n−1
(
x0 − y0 + εx
(
22 + 24 + · · · + 22n−2))
= 1
2n−1
(
x0 − y0 + 22 · 2
2n−2 − 1
3
· εx
)
.
Hence
lim
n→∞‖x2n−2 − y2n−2‖ = ∞. 
As we have already mentioned in the proof of Example 1, some stability results for recurrence (3), in the case where (1)
does not hold, can be obtained from [15]. Namely, from [15, Theorem 2.1] the following proposition can be easily derived.
Proposition 1. Let (xn)n0 be a sequence in X, (2) hold, and
An :=
∞∑
k=0
εn+k
|an · · ·an+k| < ∞, n 0. (14)
Then there is a unique sequence (yn)n0 in X, satisfying recurrence (3), with
‖xn − yn‖ An, n 0. (15)
The next proposition generalizes Proposition 1.
Proposition 2. Assume that (xn)n0 is a sequence in X, (2) holds, there exists
ρ :=
∞∑
k=0
1
a0 · · ·ak (xk+1 − akxk − bk), (16)
and (yn)n0 is a sequence in X given by (3) with y0 = x0 + ρ . Then
‖xn − yn‖
∞∑
k=0
εn+k
|an · · ·an+k| =: An, n 0. (17)
Moreover, if An < ∞ for each n 0 and the sequence(
An
εn−1
)
n∈N
is bounded, then (yn)n0 is a unique sequence in X satisfying (3) and (4).
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‖xn − yn‖ = |a0 · · ·an−1| ·
∥∥∥∥∥
∞∑
k=0
1
a0 · · ·an+k cn+k
∥∥∥∥∥ An.
So, it remains to show the statement concerning uniqueness.
To this end suppose (wn)n0 is a sequence in X , wn+1 = anwn + bn for n  0 and w0 = x0 + ρ . Then, by (6) (with
zn := xn − wn and dn := cn),
limsup
n→∞
‖xn − wn‖
εn−1
= limsup
n→∞
|a0 · · ·an−1|
εn−1
‖x0 − w0 + ρ‖ = ∞,
because we assume that A0 < ∞. 
From Lemma 1 (condition (6) with z0 := x0) we get at once the next proposition, which is somewhat complementary to
Proposition 1.
Proposition 3. Let (xn)n0 and (yn)n0 be sequences in X such that (2) and (3) hold and y0 = x0 . Then
‖xn − yn‖
εn−1
 1+ 1
εn−1
n−1∑
i=1
|ai · · ·an−1|εi−1, n 1. (18)
Remark 2. Let (xn)n0 be a sequence in X such that (2) holds and let the sequences(
1
εn
n∑
i=1
|ai · · ·an|εi−1
)
n∈N
,
( |a0 · · ·an|
εn
)
n∈N
be bounded. Then condition (7) (with z0 := y0) implies (4) for every sequence (yn)n0 in X , satisfying recurrence (3). So,
in such situation, there is no uniqueness of the sequence (yn)n0 satisfying (3) and (4).
We ﬁnish this paper with two examples of situations, where Propositions 1 and 3 can be applied.
Example 5. Let (xn)n0 be a sequence in X such that (2) holds, C > 0, (δn)n0 be a sequence in (0,∞), δn+k  Cδn−1δk for
n,k ∈ N and
 :=
∞∑
k=0
δk < ∞. (19)
Then the following two statements are valid.
(α) If
S1 := limsup
n→∞
|a0 · · ·an|δn
εn
< ∞, I1 := lim inf
n→∞
|a0 · · ·an|δn
εn
> 0,
then there exists a unique sequence (yn)n0 in X , satisfying recurrence (3), with
sup
n∈N
‖xn − yn‖
εn−1
< ∞;
moreover, y0 = x0 + ρ (where ρ is deﬁned by (16)) and
limsup
n→∞
‖xn − yn‖
εn−1
 C S1
I1
. (20)
(β) If
S2 := limsup
n→∞
|a0 · · ·an|
δnεn
< ∞, I2 := lim inf
n→∞
|a0 · · ·an|
δnεn
> 0,
then there is a sequence (yn)n0 in X satisfying (3) with
limsup
n→∞
‖xn − yn‖
εn−1
 1+ C S2
I2
. (21)
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p1 
|a0 · · ·an|δn
εn
 P1, n n1,
whence
εn+k
|an · · ·an+k|εn−1δk 
|a0 · · ·an−1|Cεn+kδn−1
|a0 · · ·an+k|εn−1δn+k 
C P1
p1
for n > n1, k 0. Hence, by (19), (14) holds and consequently Proposition 1 yields the statement.
(β) Let P2 > S2 and 0< p2 < I2. There is n2 ∈ N such that
p2 
|a0 · · ·an|
δnεn
 P2, n n2.
Hence
|an · · ·an+k|εn−1
δkεn+k
 |a0 · · ·an+k|Cδn−1εn−1|a0 · · ·an−1|δn+kεn+k 
C P2
p2
, (22)
for n > n2, k  0. Let (yn)n0 be a sequence in X satisfying recurrence (3) with y0 = x0. Since, according to Proposition 3,
(18) is valid, (22) implies the statement. 
Remark 3. It is easily seen that the stability of the recurrences from Examples 1 and 3 follows from Example 5 with
δn := (
√
2)−n .
Example 6. Suppose there is a sequence of positive real numbers (λn)n0 with
εn|an+1|
εn+1
 λn
λn+1
(λn+1 + 1), n 0. (23)
Then
A0 :=
∞∑
k=0
εk
|a0 · · ·ak| 
ε0
|a0|
(
1+ 1
λ0
)
,
An :=
∞∑
k=0
εn+k
|an · · ·an+k| 
1
λn−1(λn + 1) · εn−1, n 1,
and, for each sequence (xn)n0 in X , satisfying (2), there exists
ρ :=
∞∑
k=0
1
a0 · · ·ak (xk+1 − akxk − bk).
Proof. It is enough to notice that, for every k 0, n > 0,
εn
|a0 · · ·an| 
ε0
|a0|λ0 ·
λn
(λ1 + 1) · · · (λn + 1)
= ε0|a0|λ0 ·
(
1
(λ1 + 1) · · · (λn−1 + 1) −
1
(λ1 + 1) · · · (λn + 1)
)
and
εn+k
|an · · ·an+k| 
εn−1
λn−1
· λn+k
(λn + 1) · · · (λn+k + 1)
= εn−1
λn−1
(
1
(λn + 1) · · · (λn+k−1 + 1) −
1
(λn + 1) · · · (λn+k + 1)
)
.
Consequently, the limit ρ exists. 
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